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tmlﬁora : (A:oby, B:ot; C! ;| =

(A>B B2>C)—» (A-C)

defanlt
id(Azoby) i (A=A)== (aiA): A+ a
Combose (A:ohy,Biokj, Ciobj)(§1A28, ; B ): (A=)
== (a:A):C 4=y 3 (§(a))
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#include "base.as"

define Grp:Category == Monoid with é“ G‘FQLLF AEQ%HM
inv: & -> %

Forget (G:Grp):5et == G add ¢— Fm%ﬂi“ Fw-r..'lrw

FreeGroup(S:Bet) :Grp == add &—— FF‘EE. Guu...i:-
FreeFroupiFreeConstrucilon (e, Grp, Forget) == add

GroupCategory: MathCategory Grp with <
Product Grp with
CoProduct Grp with

Final Grp with

Initial Grp o _ﬂ-m Ehfi'l!j wj 5 2£
Gwhj:p.f

== add
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"grp,as", line 11: FreedroupiFrecConstriuction{Set  Grp,Forgett == add
[L11 ©47] #1 (Error) The domsin is missing some exports.
Missing ==; '‘tA: B5&t, B: Grp; Left{d) -= B) == & -= Forgebt (B)
Missing =<: (A: S2t, B: Grp, A -> Forget(B}] -= Left(A} -= B
Missing LefE: Set -» Grp

"groupdemo.aa®, line 18: == add

[L18 C4] #2 [Error) The domain 1s misgsing some exports.

Missing Product: (A: Grp, B: Grp) -» (AB: Grp; &8 -» A, AB =-» B, (X: Grp
) =» (X =» A, E =5 B). =» X =3 AB)

Missing CoProduct: (A: Grp, B: Grp] =-» {AB: Grp, A -> AB, B -> AB, (X: G
rpd —>* (A - X, B = K] -» AH - K]

Migasing 1l: Grp

Missing 1: (A:r Grp} -= A -= 1

Migsing 0: Grp

Misging 07 (A7 GIp} - 0 -> B



#include "base.as!

flibrary 1IMonoids "Monoids . ac”
Hlibrary lSets "Sats.ac"

import from IMonoids, lSetcs

define Grp:Category == Monoida with
inv: %=z %

Forget (G:Grp) :8=t == G add

FreelGroup{h:Set} (Grp == add
L Becordidom:&, inv:Boglean) : impork from Bep, Singlelnteger
I TexXtWriter) << {xX: %) i TexXtWriter ==
{w:TextWriter) ** (r:Recordi(dom:A, inv:Boolean) ) : TextWriter --
h et thah Ly T [ L
L << T . dom
l:Liat Record{dom:A,inv:Boclean) == rep x
erpty? 1 =5 ¢
for xx:Recordi{dom:&;inv:Boolean) in 1 repeat
= i e SRR

E
1l:% == per
invix:%) 1%

1
= per [[{lrep x).1) . dom, " [llrep x). i) oinv)]

for i:8inglelnteger in #(rep x)..1 by -1]
(x:%)=(v:%) :Boalean ==

#irep xX})=#(rep ¥) =» Torall? { (rep x).1 = (rep yvj.i
for i:8inglelnteger in 1..#{rep x))

H o—

falze
PErE) (v i) i % e
IRep == Record{deom:A;inv:Boclean) ; import from IRep
xl:List IRep == rep x
v1:List IRep == Fep v
cancel [aiIRep, b:IRep):Boclean == a.dom = b.dom atid a.inv "= L.inv
mult (l:Liet IRep,r:List IRep) :Liat IRep ==
BNpEy -l =5 P
empty? r => l; 8 ==> Singlelnteger; import from S
i¥ cancel {last 1,first r)] then
pulefTLod Fer de5dn Tooldll =11 001 far 8 in T ofrl] |
glae gconcat(l,xry }
per maltixl,wl)

=44

+++ Free construction adjoint

-t

FreaGroup:FreeConstruction (Sat, Grp, Forget ) == add

Left{A:Bet) :GIp == FreeGroup (i) add
=< lA:Set,B:Grp, L:A->Forget Bj : (Left A->B) ==
Fig:Left A) B ==
RepG == Liat Record(dom:A,inv:Boolean); import fxom RepG
l:List B == [(f (x.dom)) pretend B for x in {a pretend RepG)]
monoidProduct 1
E
x> LArSet B:Grp, E:Left A -> BlitA-sForget Bl =
Fia:h) :Forget B ==
ReplG == Lizt Recoprdidom:A,inv:Boglean) ; import from Reps
ga:Left A == [a,trues] pretend Left A
(f da} pretend Forget B



+++
+++ The Category of Grps
Pt

GroupCategoxry:MathCategory Grp

with Initial Grp _

with Final Grp _

with Product Grp

with CoProduct CGrp
== add

—— In the category of Grp, the triwvial group {1} 1s both initial and final.

1:8rp == (l5MonoidCategory) add { inv(x:%}:% == x }
1[A:0rp)i(A-»1) == {aiR);:l +=-> 151

0:Grp == 1 add

0 (A:Grp):(0-3A) == {(Z2:0):A +-5 15A

-— The Group Direct Product

Product (A:Grp,B:Grp) s {RB:Grp, A=A, AB-=»B, (X:Crp) -»(X-3h, X-3B] -= {X-=AB}} =
{P:Monoids, pa:P-»A,ph: P->B,product : (X:Monoids) - (X-»R,X->B] -> [(X-=F}}
(ProductsMonoidCategory) (A, B}

extend P: with @ == P add
-—"ﬁE§ —_— Renmrdia:l,bzﬂl: import from Rep

i (%:%) 1% == per [ inv [(rep x).a), inv { (rep x).b } ]
{FP,pa,pb,produckt)

The sum of Srp A and B ia the free group on the
== digjoint union of G and H as Sets.

CoProduct (A:Grp,.B:Grp) : [AB:Grp,A-7AE,B->AR, (X:Grp) > (A=K, B->X] =5 [AB=-3X} ) ==
[E:5et, 18 A->8, 1b:B-»5, coproduct] == [DoProductisetCateqgory] (A B}
import from FreeGroup
EG:Grp == Fres3roup A
U:S-=50 == unic(s3) pretend [S5->5G)
coproduct (X:3rp) (£:A-»X,g:B-3X} 183-X ==
ff:5-»Forget X == coproduct (X} (.9} pretend (S-=Forget X
(=e (8, X, ££)) pretend (SG-:X)
import from o(Set,A,5,53) ,0(5et ,E,5,8G)
(56, u*ia, ur*rlb, coproductz)

(y = (Ui H=—H
1 ! !

C —=% Poeee=— H

e

?



Frevd (Chija:Category, Cath:MathCategory Obja,
CbjB:Category, Leff:QObjA->0biB,
Ad:Rigthadjoint (CbjhA, ObjB, Left] ) :

if Cath has Initial oObjn

if Cath has CaProduct obiA

if CatA has CoEqualizer ObjA

if Cath has Pushforward Objh
== gdd

/':‘I,Jjﬂiwjt Fw:f['w 'Lhﬂ‘rfﬂm

MathCategqory CObiB

then
then
then
then

Initial CbjB
CoProduct 0ObjB
CoEqualizer CbjB
Pushforward ChiB

Hzﬁki nijnlaﬂ; ;%{‘f‘ws f(...‘.sm Lm ’E_r
bt adjoink Fumefers }’_'yuTW'--"f- ¢obinmits
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=1 (% %) Boslean
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Fimal Set wath
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Recuﬂﬁua Aft(w Cﬁu';gjm.:fr

Arrow(Chj:Category) :Category == with
domain: ] oy
codeomain: Cbj
put: (domain, codomain) —> %
get: % =>» [domain, codomain]

Id(0bj:Category) :Category == with
id: (A:0bj)=->{A->8)
default
idlasA} : (A=A mm {FiR]} 1R +=> 3

Compose [Obj:Category} :Categqory == with
composa: [AObT,Biobl,C:0by) =% [A->B;B-»C] —=F [B=>T)
defanlt
compose {A:0bj, B:0bj,C:0b]) [£:A->B,q:B->C) ¢ (A->C) ==
[Esm) G =2y A

MathCategory {Obj:Category) :Category == Id Obj with Compose Cbj
wWith MathCategory Arrow Obj

[ T ¥ g T M | e

Fage 1



S,EILL fmftjmiﬁf eq. F:Em Brnlles

'S.,Eicg (L'J'Ej : Ca{tljm-j ; G DLJ ~']'- CQLJE-&JMJ' == Lmﬁ.f-L
shite ¢+ % — X

SLica Cﬂ._‘EEJtﬂ-J‘ (ﬂin I':n.{ajm;f J}f'- CJLJ' :‘1 :
M ath Ca,ijcn-j $ fiee (O, X)) with
Fimalk e fis (Ohy, X)) == aded
1t Shice (0by,x) == add

R&{D ==X j E"m(l)m—f froma Re;r:
shice ¢« % =X == (i1 X)sX #- re-.j;l

4 (A Sk (obj,x)): (A= 2]=s
(a:tA):d +-7 slice o IE-M'[';M.,{ i

A P ¢ 5.8

hh/ q_\ls I;t/h
X



3 kaﬁﬁ:mﬁ, Cufeq CLIES

5 Lig,E'.a'ta,L Cn_fr_jm..iei {‘P Preolas ) !
M ath ijtm[nj Ca_,{gjm{‘j P wath
W/
o, l:,ﬂll : Cn,_'}_ﬂ.jmi'rj -FJ_?J'- Ch'l’%jm;!j PJ -3

List A~+E
== adel
hew (A C::LJLP.SWJFJ P, B: Cm{ﬁm—ﬁj PY: List A2 E ==
npt Fage P

i{ Lﬂﬁfw-t-iﬂﬁ{‘ (vallue § B) thew
[ (a:iA)iB + =7 Meves ]

else

[ ]

Codequndy (T:Tybe): Coteiny == with
e CT

[ : Math Ifa.*r.eljm._-] Cn{.:jwllj I-L,..-I'n.je,L
== Skdatal Caffjmj Ia..i‘.ajau

1¢2 1748 = 415



Linmts
51 == Singlelnteger

(Ch]:Category) ® (n:5I) iCategory == with
dom: Tuple ObJj
put: dom —> %
get: % =-> dom
nTuple (ObiiCategory; L Tuple Obj| :Obj{length t) == add
dom: Tuple Obj ==
Rep == Record t
put (x:dom) : % == per [x]
get(x:%) ;dom == gxplode rep X

Diagonal (Obj:Category,.n:S1) (X:0bj) t (0by3™n) ==
nTuple (O0bj, (X for i:SI in 1..n}) pretend Obj"n

Product iDbj:Category; niSl)iCategqory =—

RightAdjeint (Obj ,0bj*n,Diagonal (0bj,n)) with
CoFroduct [Chj:Category,n:58I) :Category ==

LeftAdjcint (Obi*n,0bj ,Diagonal(0bd,n)) with

’PFﬁEL¢Lt 2 £ he P{?ﬁﬁf ﬂﬂ{jhfvﬁf EJP ffﬁ;
ﬂf{'ljw..;.ﬁ Eﬁn L1Eh-

Iﬁ ¢ —F E:qi

(o Poduct o5 the Mot adjsint .
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